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We investigate a triad representation of the Chern-Simons state of quantum gravity with a non- 
vanishing cosmological constant. It is shown that the Chern-Simons state, which is a well-known 
exact wavefunctional within the Ashtekar theory, can be transformed to the real triad representation 
by means of a suitably generalized Fourier transformation, yielding a complex integral representa- 
tion for the corresponding state in the triad variables. It is found that topologically inequivalent 
choices for the complex integration contour give rise to linearly independent wavefunctionals in the 
, triad representation, which all arise from the one Chern-Simons state in the Ashtekar variables. 

■ For a suitable choice of the normalization factor, these states turn out to be gauge- invariant under 

' arbitrary, even topologically non-trivial gauge-transformations. Explicit analytical expressions for 

the wavefunctionals in the triad representation can be obtained in several interesting asymptotic 
parameter regimes, and the associated semiclassical 4-geometries are discussed. In restriction to 
Bianchi-type homogeneous 3-metrics, we compare our results with earlier discussions of homoge- 
neous cosmological models. Moreover, we define an inner product on the Hilbert space of quantum 
gravity, and choose a natural gauge-condition fixing the time-gauge. With respect to this particu- 
C^) t lar inner product, the Chern-Simons state of quantum gravity turns out to be a non-normalizable 

wavefunctional. 

04.60. Ds, 11.15-q, 11.15.Kc, ll.10.Jj 



^ i 1. INTRODUCTION 

o 

After four decades of vigorous research, a consistent quantization of general relativity remains as one of the most 
fundamental problems in theoretical physics. Aside from string theory a promising approach to this problem 

Q-( is provided by a canonical quantization of gravity. Since early attempts in the sixties ||Q, canonical quantum 
gravity enjoyed a renaissance after Ashtekar 's discovery of complex spin-connection variables ||^|, which replaced 
the metric variables used so far. The new Ashekar representation of general relativity turned out to be closely 
related to a Yang-Mills theory of a local 5'0(3)-gauge-group ||, and therefore many ideas and concepts known from 
Yang-Mills theory could be carried over to the theory of gravity. In particular, the loop representation, which had 
just been investigated within Yang-Mills theory Q, furnished yet another representation of general relativity f|||J)||, 
and, moreover, a remarkable connection between gravity and knot theory ]^,|lcH. Later on, the loop representation of 
general relativity advanced to a mathematically rigorous theory within the framework of discretized models of gravity, 
the so-called quantum spin- networks |ll],[l^] • 

As one crucial advantage of the Ashtekar representation the constraint operators of quantum gravity took a poly- 
nomial form in the ne w spin -connection variables, and explicit solutions were found. Among the different quantum 
states discussed so far JT^Jl^ l, the Chern-Simons state [jll|jl6| played an outstanding role, since it was the only wave- 
functional with a well-defined semiclassical limit |] A loop representation of the Chern-Simons state was investigated, 
and turned out to be closely related to the Kauffman-bracket [l9[] . Moreover, this particular state was found to make 
an obvious connection between quantum gravity and topological field theory [[l9| , ^o|| . 

However, a physical interpretation of the Chern-Simons state within the Ashtekar representation implied several 
problems, which arose from the reality conditions underlying Ashtekar's complex theory of gravity |^|. Different real 
versions of Ashtekar's theory were suggested [pl"|-p3||, but the corresponding quantum constraint equations turned out 
to be non-polynomial, lacking the Chern-Simons state as a solution. 



1 Strictly speaking, this is only true for a non-vanishing cosmological constant, where deSitter-like 4-geometries are described 
by the semiclassical Chern-Simons state Jl^Jl^l • The case of a vanishing cosmological constant has been investigated by Ezawa 
in Jl^|, where it turned out, that the semiclassical 4-geometries will in general suffer from different pathologies. 
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Amazingly, a rather natural way to circumvent the problems associated with Ashtekar's reality conditions has never 
been investigated: If we would be able to transform the Chern-Simons state from the Ashtekar to the metric repre- 
sentation, the geometrical meaning of the fundamental variables would be obvious, and no further reality conditions 
would be needed. In addition, also questions concerning the normalizability of the Chern-Simons state are much 
easier to discuss in the real metric variables, than in the complex Ashtekar spin-connection variables. It is therefore 
interesting to find an explicit transformation connecting these two representations, and to study the Chern-Simons 
state in the metric representation. 

Recently, we examined this problem in the framework of the homogeneous Bianchi-type IX model |p^-^6| . As an 
intermediate step, we introduced the triad representation of general relativity, which is trivially connected to the metric 
representation we were interested in. Then it turned out that the Chern-Simons state in the Ashtekar representation 
can be transformed to the triad variables by a suitably generalized Fourier transformation. Topologically inequivalent 
choices for the complex integration contour in the Fourier integral gave rise to different, linearly independent quantum 
states in the triad representation, which all arose from the one Chern-Simons state in the Ashtekar variables. We 
found explicit integral representations for the corresponding states in the triad variables, and gave semiclassical 
interpretations of the wavefunctions in different asymptotic parameter regimes. 

In the present paper, we now want to push these results for the homogeneous model a big step further, and will 
ask for the corresponding form of the inhomogeneous Chern-Simons state in the triad representation. For technical 
reasons, we will restrict ourselves to model Universes, where the spatial hypersurfaces of constant time are compact 
and without boundaries, but of arbitrary topology. In order to recover the Chern-Simons state as a quantum state of 
gravity, we should allow for a non- vanishing cosmological constant, which, by the way, is in complete agreement with 
current cosmological data [pTlpSj. 

The rest of this paper is organized as follows: In section [n] we define our notation and start from the metric 
representation of classical general relativity. We introduce the triad and the Ashtekar variables, and give new repre- 
sentations of the constraint observables in terms of a single tensor density, which is closely related to the curvature 



of the Ashtekar spin-connection. A canonical quanization of the theory is performed in section ED. Choosing a 
particular factor ordering for the constraint operators of quantum gravity, we discuss the corresponding operator 
algebra, and show that it closes without any quantum corrections. The transformation connecting the Ashtekar and 
the triad representation is explained in detail, and is then used to derive a functional integral representation for the 



Chern-Simons state in the triad representation. In section IV we study several asymptotic expansions of this func- 
tional integral in some physically interesting parameter regimes. In particular, we are interested in the semiclassical 
form of th e Chern -Simons state, which then will allow for a discussion of the semiclassical 4-geometries. A separate 



subsection [IV B l| is dedicated to the behavior of the Chern-Simons state under large, topologically non-trivial SO(3)- 
gauge-transformations. The value of the Chern-Simons state on Bianchi-type homogeneous 3-manifolds is computed 
and compared with earlier results obtained within the framework of homogeneous models. In section [v| we define an 
inner product on the Hilbert space of quantum gravity, which is gauge-fixed with respect to the timc-rcdefinition- 
invariance. and examine the normalizability of the Chern-Simons state. Finally, we summarize our conclusions in 
section |Vl|. Three appendices deal with certain technical details. In appendix [A| we discuss the solvability of the 
saddle-point equations, which determine the semiclassical Chern-Simons state, and show how the solutions of these 
equations correspond to divergence-free triads in the limit of a vanishing cosmological constant. In appendix |b[ then 
five divergence-free triads are calculated for homogeneous Bianchi-type IX metrics, and the corresonding values of the 
Chern-Simons state are given. In order to comment on possible boundary conditions satisfied by the Chern-Simons 
state, a further appendix |c| deals with the asymptotic behavior of particular semiclassical 4-geometries, which arise 
for a special class of initial 3-metrics. 

II. TRIAD REPRESENTATION AND ASHTEKAR VARIABLES 

In order to set the stage and to define our notation let us briefly recall the ADM Hamiltonian formulation of general 
relativity |3[ |29| , |30| in terms of the densitized inverse triad e l a and its canonically conjugate momentum pi a . This will 
be called the triad representation for short ||[l(|^2 3132]] 



The most commonly used form of the ADM formulation [|3j employs as generalized coordinates the metric tensor 
hij on a family of space-like 3-manifolds foliating space-time. Alternatively one may also employ the inverse metric 
tensor with h^hjk = or, what will be done here, the densitized inverse metric 

& ij = hh ij (2.1) 
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with h — det(/iy).Q Then the canonically conjugate momenta Kij, which form a tensor density of weight —1, become 

8L 1 



8a* "fVh 



K„ 



(2.2) 



where 7 = \6irG is a convenient abbreviation containing Newton's constant G, a nd K g is the usual extrinsic curvature 
describing the embedding of the 3-manifold in space-time. The quantity L in (2.2) is the Lagrangian defined by the 
Einstein-Hilbert action in which we include a cosmological term with a cosmological constant A. This choice 

of variables implies a symplectic structure on phase-space defined by the Poisson-brackets 



{h l3 (x),7r kl (y)} = I{8i8i+8i8i)8 3 (x-y) 
{a v (x) , a = = {^-(ar) , tsu{v) \ ■ 



(2.3) 



Indices i,j will be raised and lowered by h lJ and its inverse. In order to move on to the triad representation let us 
introduce the densitized inverse triad e l a via 



^ a ' ^ a <2 



(2.4) 



and define an enlarged phase-space by introducing canonically conjugate momenta p ia of the e l a with Poisson-brackets 

\e\{x) , Pjb(y)\ = 5 l J 5 ab 5 3 {x~y) , 

[p ia {x) , p jb (y)} = . (2.5) 

In the following we shall also make use of th e tr iad 1-forms ei a and the triad vectors e l a = e l a /Vh. In order to 
guarantee that (2.3) is compatible with (2.4), (2.5), we relate 7Tjj to Pj a via 



1 Pja 



(2.6) 



which serves to satisfy the first of eqs. (2.3). Furthermore we introduce the three additional constraints 

J a ■= e ahc e\p ic = . (2.7) 

Here the Lcvi-Cevitta tensor e a bc is defined by 

£abc ■= e(e» ) • [abc] , (2.8) 

where e(ej ) € {±1} measures the orientation of the triad et a , and [abc] is the tot ally antisymmetric Levi-Cevitta 
symbol normalized such that [123] = +1. On the constraint hypersurface defined by (2.7) the quantity ijij defined by 



( |2.6| ) is easily checked to be symmetric in i, j as required by (2.2) and to satisfy the last of eqs. (2.3) 
The ADM-Hamiltonian §§||J 



H 



ADM 



d :i x ( NH$ DM + N l H 



(2.9) 



with Lagrangian parameters N, N l and constraints Hq , Tti given in terms of a , 7Ty is easily rewritten in terms 
of the triad representation using eqs. (fD|), This yields (cf. |,|6|,||j32| ) 



"Here and in the following densities of positive weight are denoted by an upper, and densities of negative weight by a lower 



tilde. 
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^ADM = _1 iijk^p + I e . a gijk p + ^ ^ , 

4 7 7 



Hi = 8j (e j a Pia) - e j a diPja 



(2.10) 



where e y& is the spatial Levi-Cevitta tensor density]^ and Fjka = djUJka — dkUJja +£abcUjbUkc is the curvature of the 
Riemannian spin-connection uji a — —\ £ a bc^jb^i e J c- The additional constraints (2.7) must of course be added to the 
Hamiltonian (2.9) with new Lagrangian parameters J7 a . 
The introduction of the complex Ashtekar variables f||6|,|33| 



% 1 

A ia = OJia ± y Pv 



(2-11) 



instead of the canonical momenta pt a is now convenient in order to simpl ify th e constraints. In the framework of this 
paper we shall use the variables Ai a just as auxiliary quantities. In eq. ( [2.11 ) either "+" or "-" may be chosen, but 
we will keep this option open by using both signs together. The two choices are classically equivalent, but lead to 
inequivalent quantizations in the quantum theory. The Poisson-brackets in the new variables then take the form 



{e\{x) , A jb (y)} =±y 6 i Sab 6 ^ X - y) 



(2.12) 



{Aia(x), A jb (y)} =0. (2.13) 
The second of these relations follows from the fact that the Riemannian spin-connection uj ia can be expressed as |lq| 



with 



Employing Ai a as a new and complex spin-connection it is convenient to use also its associated curvature 

•Fija = @iAja djAia ~t~ ^abcAib Ajc • 

Then the constraints take the more pleasing form (cf. [E 16 2^|) 

H£ BM = HoTid t (e\J a ) = , 

with 

1 



7^0 — — e ia 

7 



£ ^ ' *F jka H~ q A 6 a 



(2.14) 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



and the Hamiltonian 



7 



P 8 A — P 8 A A- A- 8 P 



= 



Ja = ± 



2 i 



a "I" £abc & c 



o , 



(2.19) 
(2.20) 



With our definition of e a bc in (|2,q) the spatial Levi-Cevitta tensor density is naturally obtained as e l - ,fc = \fhe a bc e' a e? b e k 
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H = 



■N'Hi+SlaJa) , 



(2.21) 



endowed with the symplectic structure (2.12), (2.13), is dynamically equivalent to the ADM-Hamiltonian (2.E). In 
fact, as long as A ^ 0, the constraints ( 2.18 ) - ( 2.20 ) can all be expressed in terms of the single tensor density G\ a 
defined by 



namely 



y A,a — 2 £ r 3 ka + 3 1Ve a ' 



Wo = - e ia G\ = , 

7 



2i ■ ~k ~ ■ 

7 



~ f>7 ~ - ! 

Ja = ±—v t g\, a = Q 1 



(2.22) 

(2.23) 
(2.24) 
(2.25) 



where T>i is the covariant derivative with respect to the conn ection Aj a . For A = the relation of the constraint J a 
with Q\ a is lost. A simple way to satisfy all the constraints (2.23)-(2.25) for A ^ is to restrict the phase space by 
the nine conditions 

Qla = • (2-26) 

Eqs. (2.26) are more restrictive than the sev en eq s. ( |2.23 )-(2.25) which they imply, i.e. we can only hope to get special 
solutions in this manner. Remarkably, eqs. (2.26), if imposed as initial conditions, remain satisfied for all times under 
the time evolution generated by the Hamiltonian (2.21). This follows from the Poisson- brackets 



(PxN'Hi, / d 3 y\ ja Gl a \= d 3 z (N%X ja + \ la d 3 N l ) g{ , 



(2.27) 



d a xQ a J a , / d 6 y\ 3b g J Kb \ = / d*zn a e abc \ jb g J Ac , 



(2.28) 



jy d 3 xNH , J d 3 y\ ja G 3 Aa ^ =±| J d 3 z^={e. la e jb -2e a e oa )^ kl V k \ a gi a , (2.29) 



which may be verified with some labor using eqs. ( 2.22| ) and d2.23| )-( 2~25| ). They imply that on the subspace Q\ a = 
of phase-space 



= 



(2.30) 



i.e. this subspace is conserved. 

The equations (2.26) bear a superficial formal similarity to Einstein's field equations 



:=G"„+A<5£ = (2.31) 

in 4 space-time dimensions (//, ^ = 0,1, 2, 3) with the 4-dimensional Einstein-tensor G^ v satisfying the Bianchi-identity 

V M G» v = (2.32) 

and also V M G A = 0, because the affine connection satisfies the metric postulate. Since g\ a similarly decomposes in 
a curvature part satisfying a Bianchi-identity 



T>i (e vjk T jka ) = , 



,/.,/ ; - - >-' • (2.33) 
and a cosmological term proportional to A it is a three-dimensional analog of G A v . The analogy extends even to 



= 0, which holds due to the Bianchi-identity but requires in addition for the constraint ( 2.20 ). However, it 
has to be kept in mind that the spin-connection Ai a and the densitized inverse triad e l a in g i A are still independent 
variables. The equations (2.26) therefore are not a closed set of field equations on the spatial manifolds. 
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III. QUANTIZATION 



Canonical quantization in the triad representation is achieved by imposing the commutation relations 



[e\(x) , Pjb(y)] = ihS l j S ab 8 3 (x - y) 



(3.1) 



and representing pi a (x) as 



i 5e l a (x) 



This implies for the Ai a the representation 



A ia (x) = UJ la {x) ± ^ 



2 5e\{x) ' 



(3.2) 



(3.3) 



where Wj a (x), given by ( 2.14|) , ( [2.15 ) is a functional of e?b(y) an d a diagonal operator in this representation. We now 
have to choose a special factor ordering in the constraint operators J a , Hi and Ho- It tu rns o ut tha t J a does not 
suffer from an ordering ambiguity. We choose the factor ordering in Ho and Hi as given in (2.18) and (2.19) in order 
to ac hieve c losur e of the algebra of the generators. Explicitly, the generators are then given by eqs. (2.18)-(2.20) or 
eqs. ( 2.23 )-( 2.25 ) with the ordering of e* a , Ajb given there. The algebra of the infinitesimal generators is obtained as^| 



d 3 xCH l , / d A yVaJa 



= in / d 3 z (r d iVa ) J a , 



(3.4) 



d 3 xCH t , J d 3 yrfH 3 



= ih i d 3 z (C dirf - r? dig) H 



(3.5) 



d XtfiaJa, / d ytpbJb 



= ift, Id Z Eabc fa Ipb Jc , 



(3.6) 



d 3 x<p a J a , / d 3 yNH 



0, 



(3.7) 



d 3 xCHi, I d 3 yNH Q 



ih / d 3 z (f d t N) Ho , 



(3.8) 



d 3 xNH , / d 3 yMH 



ih / d 3 z 



(NdiM - MdiN) h lj C 



(3.9) 



On the right hand side of these equations all generators appear on the right, which means that the algebra closes, at 
least formally (i.e. in the absence of any regularization procedure), without any quantum corrections. 
Following Dirac |35|, physical states \t[e* ] must satisfy 



Ja ^[e'a] = Lorcntz invariance , 

Hi ^[e l a] =0 diffeomorphism invariance , 

Ho ^[e l a] — time- redefinition invariance 



(3.10) 
(3.11) 
(3.12) 



4 The algebra of the constraint operators has been discussed intensively in the literature, see e.g. l ^lrjjBij . The factor ordering 
and the corresponding operator algebra considered here are in agreement with Ashtekar's results in 



G 



Moreover, since the Lorentz constraint ( |3 .10 ) guarantees only invariance under local iS'0(3)-gauge-transformations of 
the triad e l a , while the full symmetry group is given by 0(3), we further have to impose a discrete, global parity 
requirement 



V9[e\] := *[-g* ] = +9[i\] 



(3.13) 



where V denotes the parity operator acting on fu nc tiona ls of the triad. 

As in the classical theory, the constraints ( 3.1C )-( 3.12| ) on physical states are all satisfied if the stronger conditions 

=0 (3.14) 

hold, where Q\ a is the tensor density defined by eqs. ( 2.22 ), ( [2.16 ) in terms of the operators e l a and Ai a given 
by eqs. (f^J), ( 2.11 ). Remarkably, the quantum operators G\ a turn out to commute among themselves. It can be 
s een from eqs. (E-23|)-( |2-25D , which must now be read as operator equations, that eqs. ( |3.10[ )-( p.l2[ ) are implied by 
( |3 .14 ). The subspace of phy sical states satisfying ( 3.14 ) is the quantum version of the invariant subspace of classical 
phase-space defined by eqs. ( 2.26 ^_ 

To find the solutions of eqs. (3.14) it is useful to proceed in two steps. First, it is convenient to perform a similarity 
transformation (cf. Eg]) 



9 = exp 



(3.15) 



where <j> was defined in eq. ( p. 15 ). Under this transformation, the operators Ai a according to (3.3) transform like 



exp 



±- 



A ia ■ exp 



and eq. ( 3.14 ) becomes explicitly 

±jhd„ 



2fc2 



7 2 h 



Se n a 



' £abc 



7?i 



s 2 



± 



jh s 



Se m b 5e n c 



2A 



9' = . 



(3.16) 



(3.17) 



As a second step, we now consider a representation of by a generalized Fourier integral 

2 



V*[A ta ] exp 



±- 



d X 6 a Ai, 



(3.18) 



where the complex integration manifold T is chosen in such a way that partial integrations with respect to Ai a are 
permitted without any boundary te rms. Besides these restrictions, T may be chosen arbitrarily to guarantee the 
existence of the functional integral ( |3.18 ) (cf. discussions of the homogeneous Bianchi IX model [5i 26 1). Different 
choices of T within these restrictions, which cannot be deformed into each other continuosly without c rossi ng a 
singularity of the integrand, will, in general, correspond to different solutions. Under the transformation (3.18) the 
fundamental operators Ai a , e l a transform like 



eV*' ^ T 



2 SAi, 



59' 



±—rA ia ■ * 



and equation ( |3.17 ) becomes 



3 SAl 



* = . 



Up to a normalization factor Af, the unique solution of ( 3.2C ) is the Chern-Simons state (cf. [^6| 

3 



*cs[Aa] = A/" exp 



±- 



"7M 



(3.19) 



(3.20) 



(3.21) 



with the Chern-Simons functional 
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Scs[A ia ] = J d 3 xe ijk (Ai a d 3 A ka + £ e abc 



-jb *™kc J 



In the e^-representation the corresponding wavefunctional is given by 

*cs[e l a] = Af jf £> 9 [Aa] exp ±-^r(J d 3 xe^ k e la V d e ka + - S C s[A ia ] 



(3.22) 



(3.23) 



The state (3.23) is obviously diffeomorphism- invariant, and it is also gauge- invariant under sufficiently small gauge- 
transformations (i.e. those which are continuously connected to the identical transformation)^] The contribution from 
the similarity transformation (3.16 ) an d the Fourier term from (3.18) fit perfectly together to give the first gauge- 
invariant term in the exponent of ( 3.23| ), while th e sec ond term proportional to Scs is a well-known gauge-invariant 
functional. The wavefunctional ^csl^a] given in ( |3.23 ) further turns out to be parity invariant, as it was required by 



the condition ( |3.13| ) 



However, for a trivial choice of the prefactor Af in (3.23) the state ^cs [g *p] fails to be invariant under large 
gauge-transformations of the triad, since the Chern-Simons functional in ( 3.23j ) transforms non-trivially under such 
transformations (cf. |^|,^6|). At this point it is helpful to notice that the prefactor Af in (3.23), underlying the only 
restriction 



SAf 







(3.24) 



is just required to be con stant u nder infinitesimal variations of e l a , while it may still depend on topological invariants 
of the triad. In section IV B 1 we will make use of this remarkable freedom, choosing the normalization factor Af 
in such a way that the state i^csl^a] becomes invariant even under large gauge-transformations of the triad with a 
non-trivial winding number. 

Unfortunately, the integration manifold T in eq. ( |3.23 ) can not be given explicitly, but we will argue that several 
topologically inequivalent choices for T do exist, which give rise to linearly independent quantum states \E'cs[e l a]- 
These different states in the e l ^representation arise all from the one Chern-Simons state in the „4j a -representation, 
a phenomenon which is well-known from discussions of the homogeneous Bianchi IX model in earlier papers [g4j , g6j . 
Together these states span the subspace of physical states corresponding to the invariant subspace of phase-space 
defined classically by Q \ =0. 



IV. ASYMPTOTIC EXPANSIONS OF THE CHERN-SIMONS STATE 



Since the functional integral occuring in the e* a -representation of the Chern-Simons state ( 3.25 ) is too co mplica ted 
to be performed analytically, we will restrict ourselves to an asymptotic evaluation of the wavefunctional (3.23) in 
several interesting parameter regimes. The possible different asymptotic regimes can be displayed by rewriting the 
Chern-Simons state ( 3.23| ) in dimensionless quantities. Therefore, we introduce the three fundamental length-scales 
of the theory, namely the Planck-scale 



dpi := y/jh , 

the cosmological scale parameter 

a cos := (j d 3 x Vhj 

and a third length-scale, which is associated with the cosmological constant A: 



1/3 



«A 



(4.1) 



(4.2) 



(4.3) 



5 Here and in the following, we shall refer to the SO(3)-gauge-invariance just as "gauge-invariance" for short. The diffeomor- 
phism- and the time-redefinition-invariance, which are of course inherent gauge-symmetries of the theory as well, will allways 
be mentioned separately. 
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These three length-scales give rise to the definition of two dimensionless parameters, for example 

— o COS 3 M ■ 



A 



2 2 

^COS » 



7?i 



(4.4) 



Moreover, we may rescale the triad fields with the help of the cosmological scale parameter a cos to arrive at dimen- 
sionless field variables denoted by a prime |] 



e ia ~ a cos e ia 



~li — 2 ~i 

e a — « cos c o 



^ = aZl Vh 



Making use of eqs. (4.1)-(4.5) the Chcrn-Simons state (3.23) reduces to the form 

^cs[e l a] = M J^V 9 [A la ] exp [± fiF 

where the exponent F is defined by 



(4.5) 



(4.6) 



(4.7) 



A. The semiclassical limit ^ — *• oo 



Because of the Gaussian saddle-point form of (4.6) with respect to the parameter fi it is natural to study the limit 
fi — > oo first. This limit corresponds to the regime a cos 3> api, and also to the formal limit Ti — > (cf. eq. (4.4) ), so 
we shall refer to it as the semiclassical limit for short. In the limit fi — > oo the asymptotic form of the integral (4.6) 
becomes in leading order of /Lt 



[i5 2 F 



6A ia (x) SAj b (y) 



■ exp 



(4.8) 



where an infinite prefactor in (4.8) has been omitted. The asymptotic expression (4.8) has to be evaluated at a 
saddle-point of the exponent F with respect to Ai a , which is obtained by solving the saddle-point equations 



SF 

3 •Aia 



= 2e\ 



1 



~ijk 



The equations (4.9) more explicitly take the form 



A 



(4.9) 



(4.10) 



and coincide with the classical equations Q\ a = as they should, since the latter constitute the classical limit of 
the gravitational Chern-Simons state. The saddle-point equations ( 4. 10| ) must be read as determining implicitly the 
complex spin-connection A% a for any given real triad e l a , for which we wish to evaluate ^csl^a]- Since e l a carries 
information about the coordinate system and the local S'0(3)-gauge-degrees of freedom, the solutions Ai a of (4.10) for 
a given triad e 1 a have no further gauge-freedom. This is why we expect a discrete, finite set of solutions Ai a of ( |4.1C| ) 
for a fixed triad e z a . A detailed mathematical discussion of the solvability properties of the semiclassical saddle-point 



equation (4.1C) will be given in appendix Al. 

For a fixed triad e % a the number of the different gauge- fields Ai a solving ( 4.10 ) will depend on the topology of 
the spatial manifold M.3: For example, if M 3 has the topology of the 3-sphere S 3 , five distinct solutions Ai a of the 
corresponding saddle-point equations are found for spatially homogeneous 3-manifolds, which are described by the 
Bianchi IX model (cf . (2^j2^| ) . It follows from the arguments given in appendix A 1 , that this number of saddle-points 
is preserved under sufficiently small inhomogeneous perturbations of the triad e l a . We therefore find five physically 



By definition, the Ashtekar variables Aia carry no dimension and need not to be rescaled. 
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inequivalent solutions Ai a in this case. If we consider manifolds with the topology of the 3- torus T 3 , the subset 
of homo geneous manifolds is described by the Bianchi I model, restricting the number of independent solutions A% a 
of ( 4.1CD to be two, as in this homogeneous model. Considering oth er top ologies of M3, the number of inequivalent 
saddle-points will differ further. However, we will see in sub sectio n [VB that, for any given topology of the spatial 
3-manifold AI3, the number of distinct saddle-points Ai a of ( 4.1 Of) should at least be two. 

Given a topology of and a saddle-point solution Ai a of ( [4. 10 ), the evaluation of (4.8) at this saddle-point gives 
a possible semiclassical contribution t o th e Chern-Simons state ^cs^a] in the limit fi — > 00. It will depend on the 
choice of the integration contour T in (4.6) whether this particular saddle-point contributes to the functional integral 
or not. Under gauge- o r coo rdinate- transformations of the triad e l a the fixed solution Ai a of (4.10) transforms like a 
s pin -connection, since ( 4.10 ) is a coordinate- and gauge-covariant equation. Consequently, the semiclassical expression 
(4.8) remains unchanged under (sufficiently small) gauge-transformations, as it indeed must be the case, since ^csi 
also for /1 — ► 00, was constructed as as a coordinate- and gauge-invariant state. Therefore, we may solve the equations 
(4.10) in any desired gauge for e l a , fixing automatically a gauge for the solutions Ai a - 

Any possible saddle-point contribution fl4.8|) for a given saddle-point Ai a can be chosen to become the dominant 
contribution to the functional integral in ( f4. 6[) in the limit /1 — * 00 by choosing the complex integration manifold 
r suitably. So the number of lin early independent semiclassical wavefunctionals v I'cs[e l a] equals the number of 
inequivalent saddle-points A% a of ( 4. 10 ). This is also the number of linearly independent exact wavefunctionals 
^csl^a], because the complex integration manifol d re constructed as a contour of steepest descend to a given saddle- 
point Ai a , satisfies the requirements for T in eq. (3.18) and may therefore be used to define an exact wavefunctional 
(4.6). We conclude that the one Chern-Simons state (3.21) in the complex Ashtekar representation generates a 
discrete, finite set of linearly independent gravitational states in the real triad representation, which differ by the 
topology of the integration manifolds T connecting the two representations via (3.18). The number of the different 
Chern-Simons states in the e^-representation depends on the topology of the spatial manifold M 3 and should at 
least be two. 

We will now try to construct explicit solutions Ai a of the non-linear, partial differential equations (4.10). In general, 
analytical solutions of this complicated set of equations are not available, so we will res trict o urse lves t o asymptotic 
solutions in the two different limits k — > 00 and k — ► 0, which will be treated in sections [VB and [V C, respectively 



B. The limit of large scale parameter fi 



According to our definition of the parameters /i and k in eq. (4.4), the limit k — > 00 within the semiclassical limit 
fi — > 00 can be realized by taking the scale p aram eter a cos of the spatial manifold sufficiently large, a cos 3> ap\, a\. In 
this special asymptotic regime, solutions of (4.10) can be found by inserting the ansatz 



into the saddle-point equations 



Then we find the two solutions 



g ijk 



(djAka 



2 &abc •Ajb ^kc) 



or, equivalently, 



JO) 



±i 



±i e' in 



O(k ) 



(4.11) 
(4.12) 
(4.13) 

(4.14) 



We should stress that th e two signs occurring in (4.13), (4.14) are independent of the double sign in ( [Till ), Lc - for 
both possible definitions ( 2.11 ) of the Ashtekar variables we find two independent, complex conjugate solutio ns A j a of 
the saddle-point equations (4.12) in the limit k — > 00, corresponding to two semiclassical wavefunctions via (4.8). To 



avoid confusion, we will discuss only one of these solutions in the following, which is obtained by choosing the upper 
sign in eqs. (4.13), (4.14). The corresponding results for the second solution may then be obtained at any time by a 
complex conjugation. 

The result ( 4.14 ) can be improved by calculating the coefficients of the asymptotic series 
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£ 

n=0 



c («) K (l-«)/2 



(4.15) 



All coefficients in (4.15) can be calculated analytically, since, in any order of k, the non-Abelian term in (4.12) contains 



the unknown coefficient c,-™ , while the non-local term in (4.12) is known from the previous orders. Consequently, the 



(n) 

recursion equations determining c\ a are just algebraic equations a t each space-point, which, moreover, are linear and 



analytically solvable for n > 0. The first three terms of the series ( 4.15| ) turn out to be 



Ai, 



R 



Ja ^ 4 +o(0 



(4.16) 



?(k-!/2) 



To calculate the corresponding saddle-point contributi on t o the semiclassical Chern-Simons state via ( |l.§| ) we need 
the Gaussian prefactor and the exponent F defined in (4.7), evaluated at the saddle-point Ai a . The asymptotic form 
of the Gaussian prefactor becomes in the limit n — > oo 



fiS 2 F 



5A ia (x) SA jb (y) 



k— too n -3/4 



with the abbreviation 



(4.17) 



(4.18) 



The exponent in (4.8) for k — > oo can be expanded as follows: 



F 



1 



0{^' 2 ) 



(4.19) 



Here the contribution <fi from the similarity t ransfo rmation ( 3.1 5| ) has disapp eared , because it precisely cancels with 
the contribution uji a in the asymptotic series ( 4.16j ) of Ai a - Th e firs t term in (ITS) derives from the contributions of 
order k 1 / 2 and kT 1 / 2 to the asymptotic series of Ai a given in (4.16). It defines a real action 



S = ±- 



d 3 x Vh 



4A 



R 



(4.20) 



giving rise to a well-defined, semiclassical time evolution. The term of order in the expansion ( 4.16 ), whic h wa s 
not given explicitly there, because it is rather lengthy, determines the asymptotic form of the second term in (4.19), 
which is real- valued and therefore governs the asymptotic behavior of l^csl 2 - Surprisingly, this contribution again 
turns out to be a Chern-Simons functional, but with Ai a replaced by the real Riemannian spin-connection uji a . As 
one can check quite easily, this functional 5cs[^ia] has the interesting property that it is also invariant under local 
scale-transformations of the t riad ej a i— >■ c xp[C(z )l ej a . 

Inserting the results (4.17) and (4.19) into (4.8), we find for the semiclassical Chern-Simons state in the e l a - 
representation 



^CS oc 

li -> c 



M ■ h 



-3/4 



• exp 




(4.21) 



wher e the c ompl ex conjugate solution is equally possible, if we choose the second saddle-point solution in 

cqs. ( 4.13 ), ( 4.14 ). It is remarkable that this result is universal in the sense that it does not depend on the topology 
of the spatial 3- manifold A^. 



11 



1. Large gauge-transformations 



An unsatisfactory feature of the asymptotic state (4-21) is the fact that its exponent is not invariant under large 

As is well-known [p|]3q], in general the Chern-Simons 



gauge-transformations with a nonvanishing winding num 
functional <Scs[ w m] transforms inhomogeneously under local gauge-transformations of the triad, 



Slab &ib 



Scs[via] i-> S C S [Via] + \ I (ft) 



(4.22) 



with (fl a b) = ft € 0(3) being an arbitrary rotation matrix. The quantity I(ST) occuring in (4.22) is defined by 

I (SI) := J d 3 xe ijk Tr [Sl T diSl ■ Sl T djSl ■ Sl T d k Sl] (4.23) 

and known as the Cartan-Maurer invariant [B6| . Its value is restricted to be of the form 

I (SI) = I ■ w(Sl) , (4.24) 

where the winding number w(Sl) is an integer, and Iq is a constant depending only on the topology of the 3-manifold 
M 3 . 

A consequence of eq. ( 4.22) ) is that the asymptotic Chern-Simons state (4.21) will not be invariant under general 
gauge -transformations of the triad, at least as long as we make a trivial choice for the normalization factor Af in 
(4.21). However, as we pointed out in section III, the factor Af does not need to be completely independent of the 
triad - it is still allowed to depend on topological invariants, such as the Cartan-Maurer invariant. This is why we are 
free to choose the normalization factor Af according to 



Af oc exp 



I(ft) 

27M 



(4.25) 



where SI is a special ga uge-t ransformation rotating the triad ei a into a gauge-fixed triad gi, 



of the 3-metric hij — ei a ej a - 



Then the requirement (3.24) remains to be satisfied, and, in addition, the Chern-Simons state (4.21) becomes invariant 
under arbitrary gauge-transformations of the triad ej a , since the inhomogeneous term in ( 4.22|) is cancelled precisely by 
a suitable contribution from the prefactor Af according to (4.25). With our special choice ( |4.25| ) of the normalization 
factor Af we circumvent the definition of the so-called "9-angle" , which can be introduced alternatively to solve the 
problem associated with large gauge-transformations ||[36). As a special, gauge-fixed triad gi a in the definition of 
SI may serve the "Einstein-triad" that can be constructed by solving the eigenvalue problem of the 3-dimensional 
Einstein-tensor G l j^\ 



G l jg J a = Xa9 l a 



g\ gib — 8 a b 



(4.26) 



2. Restriction to Bianchi-type homogeneous 3-manifolds 



It is very instructive to specialize the asymptotic state (4.21) to the case of spatially homogeneous 3-manifolds. For 
homogeneous manifolds of one of the nine Bianchi types, the 3-metric can be expressed in terms of invariant triad 
1-forms e a = i a = i ia dx l as (cf. p7|) 



h 



*>a w *-a 



dl n 



o mba £ bcd 1>c A Id ■ 



(4.27) 



with a spatially constant structure matrix m = (m a b)- We should restrict ourselves to compactified, homogeneous 
3-manifolds, such that the volume 



V = I e abc / «„At t Aj 



(4.28) 



Here a bar over an index indicates that no summation with respect to this index should be performed. 
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is finite. If we introduce the scale-invariant structure matrix M as 

M = a rnR ■ m , 



(4.29) 



the asymptotic Chern-Simons state (4.21) takes the following value for Bianchi-type homogeneous 3-manifolds: 



*cs oc AMT 3/4 - 



exp 



±u[ Ai Vk — 

\ \/K 



Tr M 2 - 2 Tr M T M + h Tr 2 M 



Tr M 2 M T - i Tr M (Tr M 2 + 2 Tr M T M) + 2 det M 



(4.30) 



For homogeneous manifolds of Bianchi-type IX, the determinant of the matrix M is given by det M = 8 V, where 
V is the dimensionless, invariant volume of the unit 3-sphere, so the matrix M may be parametrized by a diagonal, 
traceless matrix (3 via 



Using the identity 



M = 2y/Ve 2 ' 3 . 



Tre 2/3 • Tre 4/3 = Tre 6/3 + Tre 2 ^ • Tr, 



-2/3 



(4.31) 
(4.32) 



and introducing the rescaled parameter n' := V 2 / 3 k/4, we find for Bianchi-type IX homogeneous 3-manifolds: 



*cs oc M ■ h 1 ■ exp 

\1 — !" CXD 



7?iA 

Tre 6/3 -Tre 2/3 -Tre~ 2/3 + 7 



Tre-^-iTre 4 ' 3 



(4.33) 



Thus, up to a quantum correction in the Gaussian prefactor, we reproduce exactly the result obtained earlier within 
the framework of the homogeneous Bianchi IX model in (cf. eq. (5.18) there). To compare the results explicitly, 
we have to identify k' with the parameter k in [Q, and to set 7 = 16 7r, V = 4 7r 2 . 

In the case of flat 3-metrics, which are of Bianchi-type I, the structure matrix M turns out to vanish, and ( 4.30| ) 
reduces to 



cs oc 
/j — > 00 



TV • h~ 3/4 • exp [ ±4i n yfc] = N ■ 1T 3/4 • exp 



± 



4^_ 

7?! 



(4.34) 



a result, which also follows directly from (4.21) by setting R = 0, <Scs[w«d = 



3. Semiclassical ^-geometries 



Let us now ask for the semiclassical trajectories and the corresponding semiclassical 4-geometries, which are de- 
scribed by the state (4.21) in the limit /i — *■ 00, k — > 00, i.e. in the limit of large scale-parameters a cos 3> ap\,aA. 
Choosing the Lagrangian multipliers trivially as N = 1, N l = 0, il a = in (2.21), we find 



{H , i\} = ±is ijk T> j e ka = --s 1 ^ e abc p jb e kc 



(4.35) 



where the dot denotes a derivative with respect to the clas sical ADM time-variable t intro duced in section ||. The 
semiclassical momentum pi a is given in terms of the action (4.20) of the wavefunction (4.21) by 



SS 



(4.36) 



or can equivalently be extracted from the asymptotic saddle-point Ai a according to (4.16) in connection with (2.11) 
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(4.37) 



Thus, for large scale-parameters a cos the classical evolution of the triad e' a is determined by the equation 




(4.38) 



which describes a deSitter-like time-evolution in leading order a, 

a cos — ' OO 

e\(x,t) ~ e\ ^(x) ■ exp 



(4.39) 



with corrections described by the second term of ( 4.3S| ) containing the 3-dimensional Einstein-tensor G 1 j . 

The figure 1 shows an embedding of the asymptotic 4-geo metry ( 1.39| ) into a flat Minkowski space, where the time 
direction has been chosen according to the lower sign in eq. ( 1.39] ). As is well-known for inflationary models like the 
one discussed within this paper, the spatial, Riemannian 3-manifolds (SA3, h)(t) tend to homogenize in the course of 
time t. 



{Mi,g) 




t — > 00 



(M 3 ,h)(t ) 



FIG. 1. Geometrical illustration of the generalized deSitter-4-geometry (1.39). The spatial 3-manifolds (M3, h)(t) are 
represented by 1-dimensional curves, possible inhomogenieties are indicated by small deformations of these curves. The 
resulting space-time 4-manifold (A4i,g) according to ((4.391) then corresponds to a 2-dimensional, Lorentzian manifold, 
which has been embedded into a flat, 3-dimensional Minkowski space. Portions of the marginal spatial 3-manifolds, which 
are of the same length-scale a, have been magnified to illustrate the increase in homogeneity in the course of evolution. 
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C. The semiclassical vacuum limit /i — > oo, k — > 



Apart from the limit k — > oo there exists another asymptotic regime, where an analytical treatment of th e se mi- 
classical saddle-point equations (4.12) is tractable, namely the limit k — > 0. By virtue of the relationships (4.4), a 
discussion of the Chern-Simons state (4^) in the limit [i — > oo, k — > corresponds to an investigation of the asymp- 
totic regime a a 3> a cos 3> dpi. This limit may be realized by considering the special case of a vanishing cosmological 
constant A — > within the semiclassical limit, what will be called the semiclassical vacuum limit for short. 



To find solutions of eqs. (4.12) in the limit n 
ansatz of the form 



we proceed analogously to section IV B, and try a power series 



Ai 



71 = 



C 



(n) 



(4.40) 



Then we find in the lowest order of k 



(4.41) 



i.e. has to be a flat gauge-field, which is of the general form 



Via = - 1 £afcc Vdb $ n dc with fl e 0(3) 



(4.42) 



The matri x fl(x ) is a free integration field, as long as we restrict ourselves to the leading order O(k ) of the saddle-point 
equations ( 4.12| ). However, in the next to leading order ©(k 1 ), we find the equations 



= e ljk 



J^ka 



r (o) r (i)\ !_ 

ibe ^ kc J — 



(4.43) 



which imply additional restrictions for the coefficients , and thus for the matrix ft in (4.42). These integrability 
conditions for the equations (4.43) can be obtained by operating on (4.43) with p| ' 



from the left: Then the left hand 

side becomes proportional to the curvature of , which vanishes by virtue of eq. (4.41), and a multiplication of the 
resulting equations with a^ os yields 



V, e a = die a + e a bc O ib e c — U 



If we insert the general solution (4.42) into (4.44), we arrive at the three integrability conditions 



di (n ab e\) = , 

which fix the integration field tt(x) in ( 4.42| ). Moreover, the special triad fields 

d l a '■= Slab e l b 



(4.44) 

(4.45) 
(4.46) 



with r2 chosen according to (4.45) turn out to have the geometrically interesting property of being divergence-free. 
Therefore, we may use the different possible divergence-free triads d % a of a given Riemannian manifold (A^3,ft.) to 
parameterize the saddle-points Ai a in the limit n — > via (4.46) and ( 4.42| ). 

For a given divergence- free triad d 1 ai which characterizes uniquely one saddle-point solution Ai a in the limit k — > 0, 
we now wish to calculate the corresponding saddle-point contribut ion (4.8) to the Chern-Simons state (4.6) in the 
limit [i — > oo, k — > 0. We first expand the exponent F defined in (4.7) for k — > 0, and find, in particular, that the 
Chern-Simons functional Sqs [Ai a ] is given by 



*o i 



(4.47) 



Here f2 is the special rotation matrix defined in (4.45), connecting the given divergence- free triad d 1 a with an arbitrary 
triad e z a , for which we want to evaluate ^csfe'a]- In (4.47) a contribution of order ©(k 1 ) is missing, since this term 



becomes proportional to the curvature of the flat gauge-field . Using eq. ( 4.47 ) , the exponent F of the semiclassical 
Chern-Simons state takes the following form in the limit n — > 0: 
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(4.48) 



The C artan-Maurer invariant I (SI) in (4.48) can be contracted with the Cartan-Maurer invariant I (SI) in the definition 
( 4.25 ) of the normalization factor A/" to give 



I (SI) - I (SI) = I (SI ■ Sl T ) =: I Q ■ w[d ia ] 



(4.49) 



Her e w\ dj a ] denotes the winding number of the divergence-free triad di a with respect to the Einstein-triad gi a defined 
in ( L2q ), which is a functional of di a only: For a given divergence- free triad di a we know the 3- metric h^ — di a dj a , 
and therefore the Einstein-triad gi a . 

Inserting the results ( 4.49Q , (4.48) into (4.8), we find the following saddle-point contribution to the Chern-Simons 
state (4.6) in the limit /i — > oo, n — > 



lim *cs 

K — ►{} 



oc exp 



±- 



7?i 



h w[dj, 
2A 



+ / d 3 xe ljk d la d 1 d ka 



(4.50) 



where the Gaussian prefactor, which contains a complicated, non-local functional determinant, has been hidden in 
the proportionality sign. 

From the result ( 4.5C ) we can see the gauge-invariance of the semiclassical vaccum state 'Jvac, since this state 
does not depend explicitly on the triad e l , but only on the 3-metric hij = &i a e.j a , to which we have chosen a fixed 
divergence-free triad d l a . It is remarkable that for the one unique choice ( 4.25] ) of the prefactor J\f gauge-invariance, 
even under large gauge-transformations, can be achieved in both of the two quite different lim its k — > oo and k — ► 0. 

The existence of divergence-free triads to a given 3-metric hij is discussed in appendix A 2. There, we also argue 
that in general there will even exist different, topologically inequivalent divergence- free triads, giving rise to linearly 
independent semiclassical vacuum states via (4.5C). 



1. Restriction to Bianchi-type A homogeneous 3-manifolds 



We now wish to evaluate the semiclassical vacuum sta te (|4.50| ) for the special case of Bianchi-type homogeneous 
3-manifolds. For such manifolds, it follows directly from ( |4.27| ) that the divergence of the invariant triad i a = t l a di 
can be expressed in terms of the structure matrix m as 



V • i a = -^=diV a 



^abc m>bc 



(4.51) 



Consequently, the invariant triad i a of Bianchi-type homogeneous 3-manifolds is divergence-free, if, and only if the 
structure matrix m is symmetric, i.e. if the 3-manifold is of Bianchi-type A. If we restrict ourselves to this special 

class of manifolds in the following, at least one divergence-free triad d^ = i a is known, and we can calculate the 
corresponding value of the semiclassical vacuum state (4.50): 



" exp 



V 

T — Trm 



(4.52) 



Here we made use of the fact that for 3-manifolds of Bianchi-type A the invariant triad i a and the Einstein-triad g a 
differ only by a spatially co nstan t rotation SI, implying a vanishing winding number iD[ij ] = in (4.50). A further 
specialization of the result (4.52) to Bianchi-type IX homogeneous manifolds gives 



*la ] c M «°° exp 



T ^ (aj + aj + aj) 



(4.53) 



where we have introduced the three scale parameters via 

ax a 2 a 3 



m = : 2 diag 



V = V oi a 2 a 3 , 



(4.54) 



with the same, dimensionless volume V of the unit 3-sphcre that already occured in section IV B 2 . The saddle-point 
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value (4.53) corresponds to the "wormhole-state" of the Bianchi IX model [gj,g6|. Within the framework of the homo- 
geneous Bianchi IX model, four further semiclassical vacuum states are known, which, in the inhomogene ous a pproach 
of the present paper, correspond to nontrivial divergence-free triads of Bianchi-type IX manifolds via (4.50). These 
topologically n ontri vial divergence-free triads of Bianchi-type IX metrics and the resulting values of the semiclassical 
vacuum state (4.50) will be discussed s epara tely in appendix [b]. 

As a further restriction of the state ( 4.52| ) one may c onsid er again the case of fiat Bianchi-type I manifolds, where 
the structure matrix m, and therefore the exponent of ( 4.52| ), vanishes. Thus, for flat 3-manifolds the behavior of the 
semiclassical vacuum state is governed by the Gaussian prefactor, which we do not know explicitly. 



2. Semiclassical ^-geometries 



The semiclassical trajectories and the associated 4-geometries, wh ich a re generated by the state ( 4.50 ) in the limit 
k — ► 0, /i — ► oo, can be calcul ated by solving the evolution equations (4.35) with the flat, semicl assical spin-connection 
Aia derived in section IV C . However, in contrast to the limit n — > oo discussed in section [VB 3 , we her e arr ive 
at imaginary evolution equations, since the semiclassical action of the wavefunctional ^ V ac according to ( 4.50| ) is 
purely imaginary. Following Hawking |3S|] , a geometrical interpretation may still be given in terms of an imaginary 
time variable r := it, converting the Lorentzian signature of the 4-dimensional space-time into a positive, Euclidian 
signature. Then the semiclassical evolution equations can conveniently be expressed in terms of the divergence-free 
triad di a , which characterizes the flat Ashtekar spin-connection Ai a in the limit k — > 0: 



— d 1 — ±F ijk f) di 
dr 



dr 



(4.55) 



Here LUi a in the second equation is the Riemannian spin-connection of the divergence-free triad di a ■ Obviously, the 
gauge-condition di d \ — rem ains preserved in the course of evolution, as it must be the case. 

Stationary solutions of eqs. (4.55) are given by oj ia = 0, i.e. flat 3-manifolds (A^fa). With our trivial choice of 
the Lagrangian multipliers N — l,N l — 0, th ese correspond to locally flat, positive definite semiclassical space-time 
manifolds (A^4,g). Further solutions of (4.55) can be constructed with help of the scaling ansatz 



d ia (x,T) =Tt- d' ia (x) , 

which implies d'ia(x) = u>i a (x), and therefore a simple form for the Ricci-tensor of the spatial 3-manifold: 



(4.56) 



(4.57) 



Consequently, the spatial manifold has to be a 3-sphere with radius t, and the 4-dimensional line element becomes 



ds A = dr 2 



dfli 



(4.58) 



with d £l\ being the line element of the unit 3-sphere. As for the stationary solutions mentioned above, the line element 
( 4.58 ) describes a locally flat, positive definite 4-manifold. 



Because of the nonlinearity of the evolution equations (4.55), the general behavior of the solutions is quite com- 
plicated and cannot be discussed here. However, a complete discussion of the possible semiclassical trajectories 
can be given within the narrow class of Bianchi-type IX homogeneous 3-manifolds, cf. ]24| . There it turns out, 

that the semiclassi cal e voluti on g overned by the invariant, divergence-free triad da = i a , which corresponds to the 
"wormhole-state" (4.53) via (4.50), gives rise to asymptotically flat 4-geometries in the limit of large scale parameters 
a cos . Moreover, a second divergence-free triad of these Bianchi-type IX homogeneous 3-manifolds, which is given 
in appendix [b|, is known to evolve in such a way, that compact, regular 4-manifolds are approached in the limit of 
vanishing scale parameter a cos .^| 

One may now ask, if such a universal behavior of the semiclassical trajectories, that can be found within the 
Bianchi IX model, carries over to the inhomogeneous c ase. Unfortunately, this does not seem to be the case: In 
appendix ^ we explicitly solve the evolution equations ( 4.55| ) for a particular class of initial 3-manifolds, and find, 



The semiclassical vacuum state, corresponding to this second divergence-free triad via (1.50), is the 
the Bianchi IX model. 



'no-boundary-state" of 
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that these solutions neither satisfy the condition of asymptotical flatness in the limit a cos — > oo, nor the "no- 
boundary" proposal suggested by Hartle and Hawking [p8|[lO| . Thus we conclude that, in the inhomogeneous case, 
the semiclassical vacuum state given in (4.50) will in general not be subject to any specific boundary condition, like 
the "no-boundary" proposal or the condition of asymptotical flatness. 



V. NON-NORMALIZ ABILITY OF THE CHERN-SIMONS STATE IN A PHYSICAL INNER PRODUCT 



We now want to argue that the gravitational Chern-Simons state ^cs[e l n ] according to eq. ( 3. 23] ) does not con- 
stitute a normalizable physical state on the Hilbert space of quantum gravity. Therefore, we will derive a physical 
inner product on the configuration space of real triads, which we want to be gauge- fixed with respect to the time- 
reparametrization invariance of general relativity. In this particular inner product, we then will try to calculate the 
corresponding norm of the Chern-Simons state 'J'cs 

To derive a physical inner product within the framework of the Faddeev-Popov calculus |4l],[42| , we first have to find 
a kinematical inner product, denoted by (-|-) in the following, with respect to which the quantum constraint operators 



Tio, Tii and J a are formally hermitian. Since the complex Hamiltonian constraint operator Tt Q defined in eq. (2.1 



cannot be hermitian with respect to any inner product on the configuration space, we replace Hq by its real version 



7ij^ DM given in (2.17), with the factor ordering suggested there. With the help of the commutators (3.4)-(|3.9|) one 



can check quite easily that the algebra of 7iI^ DM ,7ii and J a still closes without any quantum corrections. However, 
the expli cit c o mm utators turn out to be much more complicated than the corresponding commutators of 7io,7ii, J a 
given in (jO|)-(3.S), and will not be given here. 

Since the quantum state \?cs given in ( 3.23 ) is also annihilated by the operator 7Y^ DM , the substitution 7Yo >— * Hq UM 
has no negative consequences for the theory, but the positive effect that we can now define a kinematical inner product, 
with respect to which the operators 7Y^ DM ,7Yi and J a are hermitian. This product turns out to be 



(5.1) 



where the functional integral has to be performed over all real triads e, a (a;). While Hq BM and J a are formally 
hermitian in the product (5.1), Hi is hermitian only if we take a regularization of the theory, where terms containing 
the singular object (di8)(0) vanish]^] If we can achieve this, we have found a kinematical inner product on the 
configuration space of all real triads ei a (x), and can continue with the Faddeev-Popov calculus by choosing a gauge- 
condition x[ e ia] = fixing the time-gauge. The corresponding physical inner product is then obtained as 



<(*||$)) phys =<*|5[x]-|J H ||$) 
with the Faddeev-Popov functional determinant 



J H := dot ( - 



(5.2) 



(5.3) 



A rather natural way to fix the time-gauge is to consider 3-geometries with a given volume-form y/h(x), for which 
there remain only two local degrees of freedom. Therefore we assume v(x) to be a fixed, positive scalar density of 
weight +1 on the spatial manifold normalized such thatp*| 



<Fxv{x) = 1 



Furthermore, let a x be an arbitrary, positive scale parameter. Then the gauge-condition 



(5.4) 



X ■= yjh(x) - a 3 v(x) 







(5.5) 



is a diffeomorphi sm- and 50(3)-gauge-invariant equation fixing the volume-form of the 3-metric. In particular, it 
follows from eq. (|1|) that the length scale a x and the cosmological scale a cos introduced in (4.2) must be equal. In 



Some authors argue that this should be possible, cf. Matschull [ p2[ . 

10 For example, the quantity v may be chosen as the rescaled volume element of a maximally symmetric 3-metric on M3. 
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the gauge (5.5), the physical norm associated with the inner product ( p.2[ ) obviously depends on the scale parameter 
a x and the choice of v{x), but we can consider the limit a x — > oo, 



1*1 



:= lim ((#11*) 



a v — >oo 



phys 



(5.6) 



wh ich, in case of the Chern-Simons state \& = ^cSj will turn ou t to be independent of v(x). For an explicit calculation 
of (5.6), we need the Faddeev-Popov commutator occuring in ([5.3|), which turns out to be 



with 



J{x) ■= y 



€ia 



Se ia (x) Se ia (x) 



e la {x) 



(5.7) 



(5.8) 



The Faddeev-Popov functional determinant Jh according to (5.3) follows as 

7 
4 



Jn = n 1 3( x ) > 



(5.9) 



which, acting on the wavefunctional 'J'cs, measures the space product of the current j(x) of ^>cs in the /i(x )-dire ction 
of superspace. Since we are dealing wit h the limit a x — a cos — > oo, the exact quantum state ^cs given in ( |3.23 ) may 
be substituted by the asymptotic state (4.21) for explicit calculations. Then the current of \l/cs m the /i(x)-direction 
turns out to have the same sign at eac 



i space-point for large scale parameters a x 



so we do not need to 

take the modulus of the Faddeev-Popov determinant in (5.S), as the general calculus in |4j]~~would prescribe. More 
explicitly, we find the result 



a Y — ► oo 



oc h 1/2 • * 



(5.10) 



where [h was defined in (4.18), so the physical norm (5.6) becomes in the limit a x — > oo: 



CSlloo « 



■D 9 [e ia ] h 1/2 |*cs| 2 ^x] 



(5.11) 



If we no w introduce the new integration variables y/h, and eight locally scale- invariant fields /3 K , the functional integral 
in (5.11) becomes 



where 



CSlloo « 



V[Vh]V s {p K ] w[p K ] h 3/2 |*cs| 2 6 [Vh - 



«cos v] 



= / V 8 [(3 K ]w[P K ] exp 



ScslP,} :=«S cs k ]-il(f2) 



(5.12) 



(5.13) 



is a locally scale-invariant f uncti onal describing the exponent of l^csl 2 according to (4.21) and ( 1.25| ). The weight 
function u>[/3 K ] occuring in ( 5.1 2| ) depends on the choice of the new integration variables (3 K . Since the integrand of 
(5.12) is locally scale- invariant, the integral is independent o f the choice of v(x) in (5.5), as announced above, so the 
gauge-condition \ — can be omitted in the second line of (5.12). 



11 This pro perty of ^cs in the limit a c 
discussed in |43l 



oo reminds one of the Vilenkin proposal for the wavefunction of the Universe 
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As a result, we find that the diffeomorphism- , gauge- and locally scale-invariant functional ScsiPn], which is closely 
related to the Chern-Simons functional of the R iemannian spin-connection u>i a , governs the "probability" -distribution 
associated with the Chern-Simons state (4.21) in the limit a r . ns — > oo. Since the functional iScs[^i a ] is obviously 



unbounded from above and below, we conclude that the norm ( 5.12 ) cannot be finite, even if we fix the remaining 
gauge-freedoms concerning the diffeomorphism- and t he lo cal S'0(3)-gauge-transformations. 

However, we should keep in mind that the result ( 5.12| ) has been derived for a very special choice of the gauge- 
condition x according to ( [5.5] ). Since different gauge-fixings of the Hamiltonian constraint give rise to inequivalent 
physical inner products on the Hilbert space of quantum gravity,^ there may still exist other choices of x, for which 
the Chern-Simons state ^cs^a] turns out to be normalizable. 



VI. DISCUSSION AND CONCLUSION 



The main purpose of this paper was to derive and discuss a triad representation of the Chern-Simons state, which 
is a well-known exact wavefunctional of quantum gravity within Ashtekar's theory of general relativity. In particular, 
we were interested in an explicit transformation connecting the real triad representation with the complex Ashtekar 
representation. Therefore, we first investigated this transformation on the classical level in section ||. Here we also 
derived new representations for the constraint observables 7io, Ti-i and J a in terms of a single tensor-density Q\ a 
defined in ( 2.22 ), which is closely related to the curvature T L j a of the Ashtekar spin-connection Ai a - 

Then, in section |l|, we performed a canonical quantization of the theory in the triad representation. In the 
particular factor ordering for the quantum constraint operators Ti.o, Tli and J a suggested by the equations ( |2.23|) - 
(2.25) we found that the constraint algebra closes formally without any quantum corrections. 

On the quantum mechanical level, the transformation from the Ashtekar- to the triad representation turned out to 
be given by a generalized Fourier transformation (3.18) and a subsequent similarity transfor mation ( [3.15 ). Here it 
was essential to allow for an arbitrary complex integration manifold T in the Fourier integral ( [3.18 ), restricted only 
by the condition that partial integrat ions s hould be p ermitted without getting any boundary terms. 

Making use of the transformations ( 3.1 5| ) and ( [3.18 ), we then recovered the Chern-Simons state of quantum gravity 
by searching for a wavefunctional which is annihilated by G\ a . The Chern-Simons state in the triad representation 



turned out to be given by the complex functional integral ( 3.23 ). In our approach the Ashtekar variables played only 
the role of convenient auxiliary quantities. The reality conditions originally introduced by Ashtekar in Q di d now here 
enter explicitly, but lie hidden in the choice of the integration contour T for the functional integrals in (3.18) and 



We did not try to perform the complex functional integral occuring in (3.23) analytically, but restricted ourselves 
to semiclassical expansions of the Chern-Simons state, which were treated in section [V. Rewriting the state ^cst^a] 
in suitable dimensionless field-parameters, the functional integral turned out to be of a Gaussian saddle-point form in 
the semiclassical limit /i — > oo, and the semiclassical Chern-Simons state was determined by solutions of the saddle- 
point equations ( 4. 10] ). Here it depended on the choice of the integration contour T, which particular saddle-points 



contributed to the functional integral ( 3.23] ) via (4 



In orde r to p rove the consistency of th e sem iclassical expansions, 
we argued for the solvability of the saddle-point equations (4.10) in a separate appendix Al from a mathematical 
point of view, where it turned out, that saddle-point solutions will exist at least under the restriction R(x) ^ 2A. 

We were able to find explicit analytical results for the semiclassica l Che rn-S imon s state in the two asymptotic 
regimes k — Aa^ os /3 — > oo and k — ► 0, which were discussed in sections IV B and IV C, respectively. 

In the limit n — > oo, two different solutions of the saddle-p oint e quations (4.10) could be found, giving rise to the 
linearly independent asymptotic states Wcs an d ^cs gi yen m (4-21). For a suitab e choice of the normalization factor 
J\f according to (4.25), these asymptotic states turned out to be invariant under arbitrary, even topologically non-trivial 
S'0(3)-gauge-transformations of the triad. In the special case of Bianchi-type hom ogeneous 3-metrics, we obtained 
the explicit result ( 4.3C ) for the value of the asymptotic Chern-Simons state ( 4.21 ), which, by a further restriction 
to Bianchi-type IX metrics, coincided with the corresponding result known from discussions of the homogeneous 
Bianchi-type IX model. 

The asymptotic Chern-Simons state (|4.21) i n the limit k — ► oo gives rise to a well-defined semiclassical time- 
evolution, which we discussed in section [TV B 3. There it turned out, that for large scale parameters a cos the semi- 



12 This is a peculiarity of the Hamiltonian constraint, and in contrast to gauge-fixing procedures associated with Tti or J a 
for which the Faddeev- Popov calculus guarantees a unique physical inner product |4l[[l2|] . 
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classical 4-geometries associated with the Chern-Simons state are given by inhomogeneously generalized deSitter 
space-times. 

In the limit k — > 0, the semiclassical saddle-point contributions to the Chern-Simons state can be characterized by 
divergence-free triads d a of the Riemannian 3-manifold (M^^h) via (4.50). Thus we had to answer the non-trivial 



question, whether divergence-free triads to a given 3-metric will in general exist, what was done in appendix A 2 



In restriction to hom ogeneous manifolds of Bianchi-type A, one divergence-free triad was explicitly known, giving 
rise to the result (|4.52D . In particular, we were able to recover the "wormhole-state" (4.53), which is a well-known 
vacuum state within the homogeneous Bianchi IX model. For Bianchi-type IX manifolds, four further divergence- 
free triads da,a € {1,2,3,4}, were constructed in appendix |b|. They gave rise to four additional saddle-point 
contributions ^itl , ct £ {1,2,3,4}, to the vacuum Chern-Simons state, which, however, were restricted to occur 
simultaneously. We concluded that, together with the "wormhole-state", only two linearly independent values of the 
vacuum Chern-Simons state are realized for Bianchi-type IX manifolds. 

Since these two values should continue to exist under sufficiently small, inhomogeneous perturbations of the 3- 
metric, and since also in the limit k — > oo exactly two different values of the semiclassical Chern-Simons state were 
found, one may assume that the one Chern-Simons state in the Ashtekar representation corresponds to two linearly 
independent states in the triad representation. 

Within the narro w cla ss of Bianchi-type IX metrics, the semiclassical 4-geometries associated with the vacuum 
Chern-Simons state ( 4.50| ) are satisfying physically interesting boundary conditions, namely either the "no-boundary" 
condition proposed by Hartle and Hawking ]3^-|40|] , or the condition of asymptotical flatness at large scale parameters 
a cos . However, this does not remain true for general 3- metrics, as we have shown by exhibiting a counter-example in 
appendix ^| We conclude that, in general, the Chern-Simons state will not satisfy the "no-boundary" conditi on o r 
the condition of asymptotical flatness. Nevertheless, as we have remarked in section |v|, the asymptotic state ( 4.21 ) 
in the limit n — ► oo reminds one of the Vilenkin proposal for the wavefunction of th e Universe jl3], 44| . 

In section |y|, we investigated the normalizability of the Chern-Simons state ( 3.23[ ) in the triad representation. We 
defined a kincmatical inner product on the Hilbert space of qua ntum gravity, and by performing a special gauge-fixing 
for the time-gauge we arrived at the physical inner product (5.2). Unfortunately, the Chern-Simons state turned 
out to be non-normalizable with respect to this particular inner product. However, as we have pointed out, there 
may still exist other gauge-fixing procedures (e.g. the one suggested by Smolin and Soo in ]l7j ), which render the 
Chern-Simons state to be normalizable. 
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APPENDIX A: ON THE SOLVABILITY OF THE SADDLE-POINT EQUATIONS 



The solvability of the semiclassical saddle-point equations ( 4.10 ) is essential in order to justify the consistency of 



the asymptotical expansions of the Chern-Simons state discussed in section IV. Therefore, it is worth to study the 



solvability properties of the nonlinear, partial differential equations (4.10) from a mathematical point of view, what 



will be done in section A 1 
A, we will then, in section 
which determine the semiclassical vacuum state (4.50). 



App lying the results of section A 1 to the special case of a vanishing cosmological constant 



A 2, be able to prove the existence of divergence- free triads of Riemannian 3-manifolds, 



1. The general case A ^ 



If we want to discuss the solvability of the saddle-point equations (4.10) within the theory of partial differential 
equations (cf. ^]), it is not advisable to study this problem in the particular form ( 4.1C ), since the spatial derivative 
operator, which is given by the curl of the gauge-field Ai a , is known to be non-elliptic. However, we will show that it 
is possible to consider a set of second order partial differential equations instead, which will turn out to be elliptic in 
leading derivative order, thus allowing for solvability statements concerning the solutions Ai a . 

Let us first introduce new variables 
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(cOid -Aid) ^ja — -^-ji 



(Al) 



instead of the gauge- fields Ai a , where ei a denotes a fixed triad for which we want to solve the set of equations ( [1.1 Oh . 
Up to a Wick-rotation, the tensor ICij plays the role of the semiclassical extrinsic curvature tensor K^j (cf. eqs. ( p . 2| ) , 
([2.6|) and (2.11)). If we rewrite the saddle-point equations (4.1C) in terms of the new variables ICij, they become 



*JC 3 — -j= e tke Vfe Ktj = , 



(A2) 



where 



1 -iki jk* i 

2 ijmri '^k 



(A3) 



are the cofactors of the matrix-elements Ki 3 , and G\ j is the usual, 3-dimensional Einstein-tensor with a cosmological 
term. In analogy to (2.25), the set of equations ( A2) implies the three Gaufi-constraints 



7A 

_ 2i 
= ± — ei 

7 



e i3k K jk = 



(A4) 



which require the tensor ICij to be symmetric in i and j. Therefore, if we take /Cy to be symmetric in the following, 
the Gaufi-constraints (A4) are satisfied identically, and the fir st li ne of (A4) takes the form of three generalized 
Bianchi-identities. We thus conclude that the set of equations (A2) constitutes only six independent equations for 
the six fields /Cy = fCji we are sear ching for. 

Beside the Gaufi-consraints (A4), four further equations are implied by (A2) via ( 2.23| ) and ( [2.24 ), namely the 
Hamiltonian constraint 



n, 



ADM 



2y/h 



7 



ICjWi 



2A-R =0 , 



and the three diffeomorphism-constraints 

2ih 



Hi 



T — §tjk G A 



jk _ 



± 



2iVh 



Vj1C J i 



v,/c =0 , 



(A5) 



(A6) 



respectively. Here /C in (A5) and (A6) denotes the trace of (JC l j). Remarkably, the Hamiltonian constraint (A5) is 
a pu rely algebraical equation for ICij , which will be solved explicitly later on, while the diffeomorphism-constraints 
( |A6| ) are linear equations and co ntain information about the divergence of th e fie lds ICij. 

Moreover, since the equations (A2) contain the curl of the fields ICij, eqs. ( |A2|) and ( ]A6| ) together may be used to 
construct a second order derivative operator similar to the Laplace-Beltrami-operator of ICij . Let us therefore consider 
the following second order differential equations 



Ajj := Vh 



inn 
A 



irnk Y7 n 



2 £*J 



= 



(A7) 



which must be satisfied for solutions ICij of (A2). The first term in (A7) can be simplified with help of (A6), and gives 
in the l eadi ng derivative order th e gr adient of the divergence of ICij and, in addition, the Hessian of IC. Making use 
of eqs. (|A2D, the second term in (A7) contributes the curl of the curl of ICij, i.e. taking the first two terms in (A7) 
together, we arrive at 



AICij + 0(Vi}Cj k ) 



(A8) 



in leading derivative order. By virtue of eqs. (A4), the third term in ( |A7| ) contains only first order derivatives of ICij. 
It has been added to obtain simple expressions for the trace and the antisymmetric part of Ay , which are given by 



h» A,; 







^ k Aj k = lh^VjH^ 



>ADM 



(A9) 



Instead of solving the nine equations (A7), we may therefore consider the six equations 
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I (A tJ + A ri ) 



rt 



ADM 



= 



(AlO) 



to determine the six fields /C^ . 

In a next step, we will now solve the Hamiltonian constraint (A5) explicitly. At any space-point x € M-z, eq. ( A5) 
describes a five dimensional hyperboloid in the six dimensional space spanned by fCij , as long as 



V.t e M 3 : R(x) ^ 2A , 



(All) 



which will be assumed in the following. This five dimensional hyperboloid may be parameterized with help of a 
stereographic projection, hence the general solution of the Hamiltonian constraint can be written in the form 



r 



VR- 2A 
1 - TrQ 2 



1 + TrQ 2 



V6 



2Q l 



TrQ 2 ? 1 , 



(A12) 



where Q is a symmetric, traceless matrix. Matrices Q wit h Tr Q 2 = 1 correspond to coordinate sing ularities of the 
stereographic project ion, and thus have to be excluded in (A12). Inserting the general solution ( A12 ) of H^ DM = 
into the first of eqs. (AlC), we arrive at five equations for the five fields Q l j, which remain to be determined. 

We now want to argue that the effective set of partial differential equations obtained this way is soluble with respect 
to Q l j. Let us therefore consider a background solution Q 1 ^ of these equations, which we assume to be known for 
sufficiently simple parameter fields e l a and Aj^| Under infinitesimal perturbations of the parameter fields e l a and A, 
the new solution Q l j will differ from the background solution Q % ■ by an infinitesimal amount 



Q 3 = Q* • + e • Q' l j + G(e 2 ) , 



(A13) 



and in the following it will be su fficie nt to show that the fields Q' j exist to any given background solution Q 1 ^. 
Inserting the perturbation ansatz (A13) into A(,y) — 0, we arrive at five linear partial differential equations A'^) = 

in 0(e) determining the fields Q! % j. To show that these equations are soluble with respect to Q! % j, we will restrict 
ourselves to a discussion of the symbol of A'(y) = 0, which we will show to be elliptic (cf. p5[). The symbol cr(fc) of 
a linear differential operator is obtained by computing the action on a Fourier mode 



Q' l j(x) = & 3 (k)-e tkfxe , 
in leading order of the wavevector fe. For the operator A'/jj) under study, we obtain 



°iA* {m nyM =-2 



VR-2A 
1 - TrQ : 



V6h kj Q mn Q mn - \k\ 2 ^ (l - TrQ 2 ) Qi 



(A14) 



(A15) 



The symbol cr(fc) is called elliptic, if it has a trivial kernel for k ^ 0. Then the linear differential operator is invertable 
in the leading derivative order, and solutions of the linear differential equations will exist. To prove the ellipticity of 
the symbol (A15), it remains to be shown that the linear equations 



V6 



q rii rij 



2 q (hij + V6 Qij :) + (l - TrQ 2 ) Q i:j 



(A16) 



have only the trivial solution Qij — for n ^ 0, where we have introduced the abbreviations 



q := Q lJ Qi 



n:=A W = 1 . 



(A17) 



13 Explicit solutions Ai a of the saddle-point eqs. (4.10), which correspond to the fields Q l j via (A.1) and (A12), are in fact 
known for various homogeneous 3- manifolds, such as Bianchi-type IX manifolds, cf. j24[. 
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Contracting eqs. (A16) with <2 y , we obtain the necessary implication 



q(l + TrQ 2 - y/E Q ij n, n 3 ) = , 



(A18) 



i .e. if we can show that the bracket in (A18) i s diff erent from zero, eq. ( |Al§| ) implies q = 0, and therefore = via 
( Af 6| ), so the ellipticity of cr(fe) according to ( A15| ) would have been proven. 

It now follows from a simple estimate for symmetric matrices Q that the vanishing of the bracket in (A18) impliesp] 



(A19) 



where the Qi denote the three eigenvalues of the matrix Q. Since Q is traceless, these three eigenvalues may be 
parameterized by 



j e {1, 2, 3} with g>0 , < 9 < 2ir 



Then the relation ( A19 ) takes the form 

l + g 2 <2g (l-£») 2 <0 



(A20) 



(A21) 



and is obviously only satisfied for g = 1. Moreover, because of the identity TrQ = g 2 , the particular value g = 1 



corresponds to the coordinate singu larity of the stereographic projection used in ( A12 ), and is hence not permitted 
by co nstruction. Thus the relation ( Al9| ) has been brought to a contradiction, and we conclude that the bracket in 
( |A18| ) cannot vanish, what finishes our proof of the ellipticity of the symbol er(fe) given in ( A15 ). 

Summarizing our results, we have shown that the set of linear partial differential equations A'(y) = 0, which 

determines the fields Q' l j, is elliptic, and therefore soluble in leading derivative order. It follows, that the solutions 
Q l j of the nonlinear set of equations &-Uj) = continue to exist under infinitesimal perturbations of the parameter 
fields e l a and A. Therefore, solutions ICij of (A7), and also solutions Ai a of the saddle-point equations ( 4.10| ) can be 
obtaine d via (A12) and ( |A1[ ) for a wide range of parameter fields e l a and A, as long as the only restriction R ^ 2A 
met in (All) is satisfied. 



2. Divergence-free triads in the limit A 



In this section we want to discuss how suitable flat gauge-fields Ai a may be used to construct divergence-free triads 
d a of a given Ricmannian 3-manifold {M.?,,h). Su ch a flat gauge-field on 7VI3 can be obtained by pursuing any fixed 
solution Aia[e\, A] of the saddle-point equations ( 4.10 ) in the limit A — * 0. Using the arguments of section A 1 , this 
will be possible for 3-manifolds with R(x) 7^ 0. By virtue of ( p. 25 ), the corresponding gauge-field Ai a will not only 
be flat, but it will in addition satisfy the three GauB-constraints 



Vi e\ = d l e\ + eabc A ib e l c = 



(A22) 



where e l a is a fixed but arbitrary triad of the 3-metric h. 

Let us now consider the parallel transport associated with the gauge-field Ai a - Given a vector v(0) = v eii oe a at a 
point Pq of M3, and a curve C : x 1 = f z (u) , < u < 1, connecting Pq with a second point Pi, we define a vector-field 
v(u) along C by solving the equations of parallel transport, 



Vu 



9Vg 

du 



dp 

~'abc o -A-ib 
OU 







V a {0) = Vafi ■ 



(A23) 



Since the gauge-field Ai a is flat, the resulting vector v(l) at the Point Pi does not depend on the particular choice 



14 Here and in the following, we have to restr ict ou rselv es to real-valued matrices Q, which correspond to real or complex 
solutions Aia of the saddle-point equations (4.10) via (A12) and (Al) in the two different cases R > 2A or R < 2A, respectively. 
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of C (cf. p6|), i.e. if we restrict ourselves to the case of simply connected manifolds in the following, the parallel 
transport of v(0) along arbitrary curves C C M3 will define a well-defined vector-field v(x) on M3. By construction, 
this vector-field v(x) turns out to be covariantly constant with respect to Ai a , 



T>i V a = OiV a + S abc A ib V c = , 

and, as a consequence of eq. ( A22| ) , the vector-field v{x) is in addition divergence-fi 



ree, 



V • V= -^=Vi{va e'a) = ~j= (j^a & a + V a ^i^_aj = 



(A24) 



(A25) 



Moreover, it follows from eq. (A24) that the parallel transport according to (A23) conserves the scalar product of two 
vectors v and w: 



di (v-w)= T>i(v a W a ) = ViVa Wa + Va '£iWa = 





(A26) 



From eqs. (A25) and ( |A2q ) it is then obvious that a divergence-free triad d a (x) of the Riemannian 3-manifold 
(Ai 3 ,h) can be constructed by choosing three orthonormal vectors d a at a point Pq, and parallel-propagating these 
vectors along arbitrary curves C <Z Aij,. Since the only freedom in this construction arises from the choice of d a at a 
single point Pq , this divergence- free triad d a (x) associated with the flat gauge-field Ai a turns out to be unique up to 
global rotations. 



APPENDIX B: THE VACUUM STATE ON BIANCHI-TYPE IX HOMOGENEOUS MANIFOLDS 



In this appendix we want to discuss the semiclassical vacuum state (4.50) in the special case of Bianchi-type IX 
homo geneous 3-manifolds. While one saddle-point contribution, the so-called "wormhole-state" , is given by the result 
(4.53), four further semiclassical vacuum states are known within the framework of the homogeneous Bianchi IX 
model HH,|2(|]. In the inhomogeneous approach of the present paper, these ad ditio nal states should correspond to 
topologically nontrivial divergence-free triads of Bianchi-type IX manifolds via (4.5C). Such special triads c an in deed 
be constructed from the divergence-free triads of the unit 3-sphere, which will be discussed first in section B 1. The 
divergence-free triads of Bianchi-type IX manifol ds a nd the corresponding saddle-point contributions to the vacuum 
Chern-Simons state will then be given in section B 1 . 



1. Divergence- free triads of the unit 3-sphere 



The 3-sphere is a maximally symmetric 3-manifold with six killing- vectors , representing the commutator algebra 



St =±2[a6c]C : 



= 



(Bl) 



of the symmetry group 5*0(4) = 5*0(3) x 50(3). From the second of these commutation relations it follows that the 
three vector- fields are the left-invariant vector-fields to the killing- vectors £ Q + , and vice versa, i.e. the metric tensor 
of the unit 3-sphere can be expanded in both of the two sets ^t with spatially constant coefficients. In particular, if 



we choose the normalization of £ a as in the first of eqs. (Bl), the invariant vector fields £ a form automatically two 



different sets of invariant triads 



£ a to the metric h of the unit 3-sphere: 

it® lt=h= la® la ■ 



(B2) 



According to (Bl) and (|4.27f ), both invariant triads ia have a symmetric structure matrix m, and are thus divergence- 
free by virtue of eq. (|4.51| ). Since they are triads to the same metric h, they must be connected by a gauge- 
transformation E 6 0(3): 



E a b lb 



(B3) 
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The matrix E has a spatially nontrivial dependence, and may of course be calculated explicitly in any given coordinate 
system on S 3 ^ However, in the following the explicit form of the rotation matrix E will not be needed. 



2. Divergence-free triads of Bianchi-type IX homogeneous manifolds 



Anisotropic manifolds of Bianchi-type IX can be described by choosing an invariant triad of the unit 3-sphere, for 
example i£, and rescaling this triad with three scale parameters ab > 0: 



) Qb rf with D 1 := diag(ai, a 2 ,a 3 ) . 



(B4) 



Then i a is the invariant triad of a Bianchi-type IX manifold, and the metric tensor is given by h — i a ® i a . In the 
general, anisotropic case, only three of the six vector-fields ^ discussed in section B 1 remain as killing-vectors of the 
3-metric h, namely the fields £ a ~. We will assume that the invariant triad i a given in (B4) is positive-oriented. As 

pointed out in section IV C 1, this triad da '■= i a is automatically divergence-free, and gives rise to the "wormhole" 
saddle-point contribution ( 4.53| ) to the semiclassical vacuum state. 

To find further, topologically nontrivial divergence-free triads d a of Bianchi-type IX metrics, let us try an ansatz 
of the form 



d a — Eba Obc i c 



(B5) 



where O = (O a b) € SO(3) is assumed to be spatially constant]^] If we require the triad d a according to (B5), (B4) 
to be divergence- free, we arrive at three equations for the matrix O, 



V • d a = O bc D cd [it, E ba ] = 



(B6) 



The spatial derivatives of the matrix E with respect to the vector- fields ij can be calculated by inserting eqs. (B3) 
into eqs. (Bl), and are given by 



[it, E bc ] — 2e a bdE,ic 
Therefore, the requirements flB6j ) can be simplified to the form 

£abc Obd Ddc = , 



(B7) 



(B8) 



i.e. the matrix O has to be chosen in such a way that for any given diagonal matrix D the matrix O ■ D is symmetric. 
The only four solutions O £ SO(3) of this problem turn out to be 



0« =diag(+l,-l,-l) 
(3) = diag(-l,-l,+l) 



(2) = diag(-l,+l,-l) 
(4) =diag(+l, +!,+!) 



(B9) 



hence the ansatz (B5) gives exactly four further divergence- free triads of Bianchi-type IX homogeneous manifolds, 



d>> = E ba ( bc - to , a G {1, 2, 3, 4} . (BIO) 



We now wish to compute the semiclassical saddle-point contributions to the vacuum state ( 4.50D , which correspond 
to the divergence- free triads da a \ a G {1, 2, 3, 4}. Therefore we first need the winding numbers w of these triads with 
respect to the Einstein-triad g a of Bianchi-type IX metrics. Since the Einstein-triad turns out to be given exac tly by 
the invariant triad of the homogeneous 3-metric, g a = ? a , we have to calculate the Cartan-Maurer invariants ( 4.23| ) 
of the four rotation matrices 



15 For example, if we employ the Euler angles ip, #, ip as coordinates on the unit 3-sphere, the matrix E turns out to be precisely 
the well-known Euler-matrix E(ip, t?, (p) (for a definition of the Euler-matrix, see e.g. p7|). 

16 At least in the isotropic case a\ — a? = as, this ansatz gives the second divergence- free triad ia of the 3-sphere by virtue 
of (B3), if we simply choose O = 1. 



2G 



n (°) := E T - {a) 



a e {1,2,3,4} 



(Bll) 



This can be done without knowing the matrix E in ( Bll ) explicit ly, because the spatial derivatives in ( 4.23| ) may be 
substituted by dj — ■ it, and then be eliminated with help of (B7), yielding 



/(nW)=-8 J d 3 xe abc i+Axi 



AiJ= -48 V 



(B12) 



where V = 27r is the dimensionless volume of the unit 3-sphere. Since the constant Iq in the definition ( 4.24 ) of 
the winding number has the numerical value Iq = 96 n 2 for manifolds with S^-topology (cf. [p6|), it follows that the 
"absolute" winding numbers of the triads da^ , a € {1,2,3,4}, are simply given by w = — 1 



To proceed in the computation of the semiclassical saddle-point contributions ( 4.50| ), we further have to evaluate the 
functional <f> defined in (2.15 ) for the four divergence- free triads e a — da°\a£ {1,2,3,4}. Inserting the triads ( B10| ) 
into 4> according to ( 2.15 ), we first recover the "wormhole" -exponent of ( 4.53| ), if the spatial derivative dj acts on the 
invariant triad i a . In addition, we obtain a second term, which stems from the action of the derivative operator dj 
on the spatially nontrivial matrix E. This contribution can again be calculated by reexpressing the spatial derivative 
in terms of the vector-fields it, and making use of eqs. (B7). In case of the divergence-free triad d a 4 \ we obtain the 
explicit result 



(4) ^(0) . 



exp 



4V/6 
7^ A 



+ ai ci2 + ai 03 + as ai 



(B13) 



with 'I'iac given in ( 4.53 ). The saddle-point value ( B13 ) is known as the "no-boundary" stat e from the homogeneous 
Bianchi IX model. Three further semiclassical saddle-point contributions to the vacuum state (4.50), which correspond 



to the remaining divergence-free triads da, a € {1,2,3}, are of the same form as 'I' vac given in (B13), but with two of 



(4) 



the three scale parameters Of, replaced by their negatives. In the framework of the Bianchi IX model, the corresponding 
states were referred to as "asymmetric" states. We conclude that all five saddle-point values \Pvac , a 6 {0, . . . , 4}, 
known for the homogeneous Bianchi IX model can be recovered within the inhomogcncous approach of the present 



paper by evaluating the state ( 4.50| ) for the five topologically inequivalent divergence-free triads di , a £ {0, . . . , 4}, 



of Bi anch i-t ype I X manifolds. Up to a Gaussian prefactor, which always lies hidden in the proportionality signs of 
eqs. (|J5|), (§313|), the results are of the same form as in fl24Lf26f • 

However, as we have shown in p6| , [48| |, the four semiclassical saddle-point contributions ^val ,ol 6 {1,2,3,4}, are 
restricted to occur simultaneously for symmetry reasons. This can also be seen within the present, inhomogencous 
approach, since the four divergence-free triads da°^ , a £ {1, 2, 3, 4}, all have the same winding number, and thus should 
enter into the value of the Chern-Simons state with the same topological right. We conclude that, in agreement with 
discussions of the non-diagonal Bianchi IX model, only two independent values of the vacuum Chern-Simons state 
are found for Bianchi-type IX manifolds. 



APPENDIX C: A NON-FLAT 4-METRIC GENERATED BY THE VACUUM STATE 



We now want to give special solutions of the vacuum evolution equations ( |4.55[ ) , such that the associated semiclassical 
4-geometries satisfy neither the "no-bondary" condition proposed by Hartle and Hawking [p8[-^0[, nor the condition 
of asymptotical flatness in the limit of large scale parameters a cos .[_] Let us therefore consider the class of 3- metrics 



h 



(CI) 



where the triad vector- fields i a — i l a di are given by 



%\ = — di 
ax 



1-2 



a.2 



13 



-(ds 

0-3 



x 2 d 1 + x 1 d 2 ) 



(C2) 



17 Here we assume the vacuum limit k — + to be realized by considering a sufficiently small value for the cosmologic al co nstant 
A. Then it will be possible to take the cosmological scale parameter a cos arbitrarily large at the same time, cf. eq. (4.4). 
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The scale-parameters at in (|C2j) are assumed to be spatially constant, and the triad i a is taken to be positive-oriented. 
Then the structure matrix m introduced in ( 4.27 ) takes the spatially constant form 



m = diag 



a 2 a 3 



a-2 
a 3 ai 



,0 



(C3) 



i.e. the triad i a is the invariant triad of a spatially homogeneous 3-manifold, which can be classified to be of Bianchi- 
type VI_i. Since the structure matrix m according to (C3) is symmetr ic, i t follows directly from eq. (4.51) that the 
invariant triad i a is divergence-free. The Killing- vectors of the 3-metric (CI) must commute with the i a and are given 
by 



fi = cosh x 3 di + sinh a; 3 d 2 , £2 = sinh x 3 d\ + cosh x 3 d 2 



(C4) 



They may be used to compactify the 3-manifold M 3 with the metric (CI) in the three £ a -directions, giving rise 
to a manifold with the nontrivial topology S 1 x T 2 . The compactified 3-manifold will then have a finite volume 
V = Vai &2 03, where the value of V > depends on the particular choice of the compactification. 

We are now interested in the semiclassical 4-geometries being generated by the evolution equations ( |4.55| ) in case 
of the divergence- free triad d a =i a - If we allow for an arbitrary lapse- function TV, they read 



l\ = ±Ne^ k d ] i ka 



For the three- metric (CI) under study, eqs. ( |C5| ) take the form 



d 1 02 CT 3 

where we have introduced the new variables 

(7i := a 2 a 3 

Choosing the lapse-function N as 



d , M l a 3 vi 



T CT3 = ' 
dr 



(T 2 



a 3 ai 



o- 3 := ai a 2 



N = Th (<Ji<J2<J 3 ) 



-1/2 



the set of eqs. ( |C6[) is easily integrated and has the general solution 



01 (t) = y/ro + t , cr 2 (r) = V^o - t , cr 3 (r) = ct 3 = const. ; |t| < t 



(C5) 



(C6) 



(C7) 



(C8) 



(C9) 



Here we have chosen r = such that (7i(0) = (72(0), so only two integration constants r > and <7 3 > remain in 

In order to prove that the 4-geometry according to ( p9| ) is non-flat, it is not sensible to compute the 4-dimensional 
Ricci- or Einstein-tensor, since these quantities vanish identically by construction, so we will consider the nontrivial 
components 4 R 0t oj of the 4-dimensional Riemann-tensor instead. For a vanishing shift-vector N l — 0, they are given 
by 



4 R 0i _ 

K j - 



1 d , 
K l ■ 

Ndt 



K\ K 



3 ' 



(CIO) 



with K l j being the usual extrinsic curvature tensor. With help of the triad ( p2| ), we may convert the spatial indices 

" i 



of 4 i?°'o7 into internal indices a, b, to obtain 



Oj 



For the metric (CI), (lZ a b) is a diagonal matrix with 



n. 



i 



1 da 3 
Na 3 dr \N dr 



(Cll) 



(C12) 



and a nalogous expressions for TZn, 1Z 2 2- Making use of the evolution eqs. ( pq ), we can eliminate the r-derivatives in 
(p!2D to arrive at 



28 



7^33 = 



ci ct 2 cr 3 



and inserting the general solution (C9) into (C13), we find 

T> 2 12 2\ -3 / 2 

^33 = CT 3 T (tq ) 



> 



(C13) 



(C14) 



Thus we have found a component of the Riemann-tensor, which is nonzero for all times r, \t\ < tq, so the semi- 
classical 4-geometries obtained by evolving the initial 3-geometries (CI) are nowhere flat. Moreover, the semiclassical 
4-geometries do not satisfy the "no-bondary" condition: While the cosmological scale parameter 



= V 1 / 3 (aicW^V 1 / 3 ^ 6 (r 2 -r 2 ) 



1/12 



(C15) 



vanishes only at the timclikc borders |r| — » r of the semiclassical space-time manifolds, the corresponding curvature 
components 7^.33 at the same time are tending to +00. Consequently, the semiclassical 4-manifolds are not regular or 
compact for vanishing scale parameters a cos . 
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